
The Uplink Capacity of SA-MIMO System 
under Single-User Scenario  

Jianxin Dai1,2, Ming Chen1,  Member, IEEE 
1 National Mobile Communications Research Lab.,  

Southeast University, Nanjing, 20096, China  
2 School of Science, Nanjing University of Posts and 

Telecommunications 
daijx@nupt.edu.cn, chenming@seu.edu.cn 

 
Pei-Jung Chung, Senior Member, IEEE 

Institute for Digital Communications,  
School of Engineering, the University of Edinburgh               

Mayfield Road, Edinburgh EH9 3JL,UK   
p.chung@ed.ac.uk 

 
Abstract—The uplink capacity of the single-user smart antennas 
(SA) - multiple-input-multiple-output (MIMO) wireless systems, 
which combines smart antennas with MIMO at the receiver, is 
investigated in this paper. The joint optimization problem 
corresponding to the capacity is deduced, and in the case of equal 
power allocation and the same direction-of-arrivals (DOAs) from 
different transmit antennas at the same antenna array the closed-
form expression of the capacity is obtained, an upper bound of 
the capacity is also given in the case of different DOAs at the 
same antenna array. Some numerical results are also given to 
compare the capacities of conventional MIMO and SA-MIMO 
systems.  
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I.  INTRODUCTION  
      As well known, MIMO system with multiple antennas at 
both the transmitter and receiver can increase significantly the 
capacity of wireless channel without requiring additional 
power or bandwidth [1-4], and smart antennas can suppress the 
interference coming from different directions by beam-forming 
and hence can make the cell has a wider coverage and greater 
user capacity [5-6]. Therefore, if combine MIMO and smart 
antennas, both advantages can be obtained. In this paper, we 
investigate the capacity of SA-MIMO system which is a 
combination of MIMO and smart antennas by replacing each 
antenna of MIMO with a smart antenna array.  

For conventional MIMO system, the capacity can be 
achieved by power allocation in waterfilling manner when the 
transmitter has the complete channel state information 
(CSI)[1]. While for SA-MIMO system, the capacity will be 
achieved by jointly choosing the optimal beam-forming 
vectors and the power allocation scheme among the transmit 
antennas, so to give the closed expression form for the 
capacity of SA-MIMO system is more difficult than that of 
conventional MIMO system. In [7], a structure of MIMO 
system incorporated with smart antennas was proposed to 
reduce spatial correlation, and thus raised the MIMO channel 
capacity significantly. The two methods of combining beam-
forming with space-time block coding respectively using 
single antenna array and two dependent antenna arrays were 
proposed to get the full diversity order as well as beam-
forming gain in [8].       

In the paper the optimization problem corresponding the 
capacity of uplink SA-MIMO system is deduced, and results 
are obtained in some cases.  
     The paper is organized as follows. In Section Ⅱ , we 
introduce the single-user uplink SA-MlMO system model. 
Section Ⅲ formulates the optimization problem. Section Ⅳ
shows some numerical results. Finally, we make some 
concluding remarks in Section V. 

II.       SYSTEM MODEL  
Consider an uplink SA-MIMO system which is shown in 

Fig. 1. The user transmitter has N antenna transmitting uplink 
signals, their mutual distances are larger than the half 
wavelength of the carrier wave such that all the transmit 
channels are independent each other. At the receiver base 
station, there are M  antenna arrays, each of which 
has L elements whose mutual distance is less than the half 
wavelength. In addition, all the M antenna arrays are so far 
mutually that their receive channels are independent each other. 
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Fig. 1  Single-User uplink SA-MIMO System Model 

Let 
mn
h be the microscope fading coefficient between 

the -thn transmit antenna and the -thm receive antenna array 

for all 1 m M≤ ≤ and all 1 n N≤ ≤ . The channels are flat 
Rayleigh fading, i.e., (0,1)

mn
h CN∼ , where 2( , )x CN μ σ∼  
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means that x  is complex Gaussian distributions with mean μ  
and variance 2σ . 

     Denote the beam-forming vector of the -thm array at the 

receiver as
,1 ,2 ,
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ω ω ω= "ω  , and || || 1
m

=ω , where 

|| ||i is the Euclid norm of a vector, and let ( )
mn mn

θ=a a be the 
steering vector of the -thm antenna array with respect to 

the -thn transmit antenna, and 
1 2
, , ,

N
s s s" and 

1 2
, , ,

N
p p p" be 

the transmitted signals and powers at the N antennas, then the 
received signal at the -thm antenna array after beam-forming 
can be written as 
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where ( )2
,1 ,

( , , ) ,
m m m L L

z z CN σ= " ∼z 0 I  is the noise vector 

at the -thm  antenna array, ,  denotes the Euclid inner 
product of two vectors . 

      By stacking the received signals of all antenna arrays 
into T

1
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N
r r=r " , we have  
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III. INFORMATION THEORETIC CAPACITY 

    Let 
1 2

{ , , , }
M

= "W� ω ω ω . Assuming a circularly symmetric 
complex gaussian i.i.d. input signal vectors  with covariance 
function T{ }

N
=ss IE� , the instantaneous capacity of the SA-

MIMO system for each channel use can be formulated as: 
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where the superscript H  denotes the complex-conjugate 
transpose of a vector or matrix. 

Let 2Pρ σ= , ( 1,2, , )
i
i Mλ = " are the eigenvalues of the 

matrix HHH . 
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eigenvalues of the matrix HHH� � . 

 Then we have following theorems. 

Theorem 1. In the case that the DOAs from the all transmit 
antennas are the same in a receive antenna array, i.e. 

1 2m m mN m
= = =a a a a" � , and the power is allocated to 

the transmit antennas equally, then the capacity of the SA-
MIMO system can be formulated as: 
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if and only if the optimal beam-forming vector can be written 
as 

* 1
i i

L
= aω ， 1,2, ,i M= "                      (5) 

Proof: Since the DOAs of all elements of one smart antenna 
array are same, the channel matrix H can be written as 

= � �H WH                                              (6) 
where  
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In addition that equal transmit power allocation, the capacity 
is given by 

H H
2

( ) max log det( ( ) )

s.t.

1, 1,2, ,

M

m

C
N

m M

ρ⎧ ⎫⎪ ⎪⎪ ⎪= +⎨ ⎬⎪ ⎪⎪ ⎪⎩ ⎭

= =

WHH W I� � � �

"

ω
ω

ω

    (7) 

Using singular value decomposition (SVD), we can write 
H H= Λ�� � � �HH U U                                      (8) 

where �U is a unitary matrix, and Λ� is a non-negative diagonal 
matrix whose diagonal elements are the singular values of the 
matrix H� �HH ,i.e.,
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To simplify the rest of the derivations, let 



H H= � � � �A UW WU , 
MN

ρ
= Λ +�B A I  

Since B is positive definite Hermitian matrix, from 
Hadamard theorem [9], we obtain 
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here 
ii
A and 

ii
B are diagonal elements of A and B , 

respectively. In (10), there can be equality only if B  is a 
diagonal matrix. If A is a diagonal matrix, B is a diagonal 
matrix. So equation (10)  is established only when A is a 
diagonal matrix. According the expression ofA , it can be 
known that all diagonal elements are independent 
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In (11), there can be equality if and only if  
i

ω is given by 

1
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∗ = aω ， 1,2, ,i M= "                   (12) 

and after substitution, the capacity can be written as  
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if and only if the beam-forming vector is given by (12).       □  

Theorem 2.   In the case that the DOAs from different tranmit 
antennas are not the same in a receive antenna array, the upper 
bound of the capacity of the SA-MIMO system with equal 
power can be written as 
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where R  is the number of singular values of matrix HHH . 

Proof:  In the case of equal transmit power allocation, we can 
obtain the equivalent problem 
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Using SVD, we can write 
H H= ΛHH U U                                 (15) 

where U is a unitary matrix, 
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From the theorem of the arithmetic and geometric means, we 
obtain 
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with equality when  
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From Rayleigh-Ritz theorem [9], we obtain 
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    In (19), there can be equality when 
m
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So the upper bound of the capacity of the SA-MIMO system 
with equal power can be written as 
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with equality when equation (18) and equation (21) are true. □ 

IV. NUMERICAL RESULTS 

Monte Carlo simulations are carried out under some cases 
to compare the capacities of SA-MIMO and conventional 
MIMO systems. We denote a SA-MIMO system with N  
transmit antennas and M receive antenna arrays and each array 
owning L  elements by ( , )N M L×  SA-MIMO. 

 Fig. 2 depicts the ergodic channel capacity of MIMO and 
SA-MIMO for various values of signal-to-noise ratio (SNR). It 
is shown that smart antennas can bring significant capacity 
gain for the MIMO system without additional spatial degrees 
of freedom. It is also evidenced that the upper bound is 
actually very tight for the system considered. 
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Fig. 2  Ergodic Capacity Comparison between MIMO and SA-MIMO 

The following simulations are performance under the 
assumption that the transmit power are equally allocated and 
the DOAs from different transmit antennas are the same at the 
same receive antenna array. 

In Fig. 3, we plot the capacity of a deterministic MIMO 
channel for different numbers of smart antenna array elements 
at receiver at different SNRs. Assume that there are two 
transmit and two receive arrays, and the channel matrix is 
given by 

2 2
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0.8241 0.2013i     1.5575+0.7058i ×
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H�  

 It is shown that the capacity increases as the number of 
smart antenna array element does.  
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Fig. 3   capacity for different numbers of smart antenna array elements  
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Fig. 4  Ergodic Capacity Comparison  for defferent power allocation 

Fig. 4 depicts the ergodic channel capacities of MIMO and 
SA-MIMO with optimal power allocation and equal power 
allocation under the case that 4N = ， 4M = ， 4L= , 
respectively. We observe that optimal power allocation 
performs better than equal power allocation in MIMO system. 
However   the gap of the performance between optimal power 
allocation and equal power allocation is small because smart 
antenna improves the channel and SNR in SA-MIMO system. 
So substitution equal power allocation for optimal power 
allocation in SA-MIMO system can reduce system complexity 
for commercial wireless applications. 

V. CONCLUSIONS 

In the case of the same DOAs from different transmit 
antennas at the same receive antenna array, we have deduced 
the closed-form expression of SA-MIMO system with equal 
power allocation. In the case of the different DOAs, an upper 
bound of the capacity with equal power allocation was derived.  

     Forthcoming work should be focused on analyzing the 
capacity gain of SA-MIMO systems under the multiple users 



case in which the advantage suppressing interference among 
users can embody. 
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